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Abstract: In this paper we study multi-server tandem queues with finite buffers and blocking after ser-
vice. The service times are generally distributed. We develop an efficient approximation method to
determine performance characteristics such as the throughput and mean sojourn times. The method is
based on decomposition into two-station subsystems, the parameters of which are determined by itera-
tion. Comparison with simulation shows that the method produces very accurate results, and therefore
it is very useful for the design and analysis of production lines.
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1 Introduction

Queueing networks with finite buffers have been studied extensively in the literature; see, e.g., [1] and
[5]. These models have many applications in manufacturing, communication and computer systems.
Most studies, however, considersingle-server models. In this paper we propose a method for the approx-
imative analysis ofmulti-server tandem queues with general service times, finite buffers and blocking
after service (BAS). We are interested in the queue-length distribution at each buffer; these distributions
may be used to determine performance characteristics, such as the throughput and mean sojourn time.

The model we analyze in this paper is as follows. We consider a tandem queue (L) with M server-
groups andM − 1 buffersBi, i = 1, . . . ,M − 1, of sizebi in between. The server-groups are labelled
Mi, i = 0, . . . ,M − 1; server-groupMi hasmi servers. The random variablePi denotes the service
time of a server in groupMi; Pi is generally distributed with rateµp,i and coefficient of variationcp,i.
Each server can serve one customer at a time. The servers ofM0 are never starved and we consider the
BAS blocking protocol. Figure 1 shows a tandem queue with four server groups.

Figure 1: A tandem queue with four server-groups.

Our method to approximate the queue-length distribution of the buffers is based on decomposition of
the tandem queue in subsystems and on the first two moments of the service times. Each buffer is
considered in isolation with its own arrival and departure processes. By means of an iterative algorithm
the parameters of the processes are tuned. To approximate the arrival and departure processes of the
subsystems, Erlangk−1,k or Coxian2 distributions are fitted on the first two moments of the inter-arrival



and inter-departure times. Further, each multi-server subsystem is approximated by a single (super)
server model.

Decomposition techniques have also been used by a.o. Perros [6] and Kerbache and MacGregor Smith
[3]. Their methods deal with single-server queueing networks. To the best of our knowledge, the only
methods for multi-server queueing networks with finite buffers available in the literature are presented
in Tahilramani et al. [7] and Jain and MacGregor Smith [2]. These methods however, do not cover
general service times. An excellent survey on manufacturing flow lines with finite buffers is presented
by Dallery and Gershwin [1].

The paper is organized as follows. In Section 2 we explain the decomposition of the tandem queue
in subsystems. In the section thereafter we analyze the subsystems. Section 4 describes the iterative
algorithm. Numerical results are presented in Section 5 and they are compared with simulation and an
existing method. Finally, Section 6 contains some concluding remarks.

2 Decomposition

We decompose the original tandem queueL into M − 1 subsystemsL1, L2, . . . , LM−1. SubsystemLi

consists of a finite buffer of sizebi, mi−1 so-called arrival-servers in front of the buffer, andmi so-called
departure-servers after the buffer. In Figure 2 we see the decomposition of lineL of Figure 1.

Figure 2: Decomposition of the tandem queue of Figure 1.

The random variableAi denotes the service time of an arrival-server in subsystemLi, i = 1, . . . ,M−1.
This random variable represents the service time of an original server in server-groupMi−1 including
possible starvationof this server. The random variableDi denotes the service time of a departure-server
in subsystemLi; it represents the service time of a server in server-groupMi including possible blocking
of this server. Let us indicate the rates ofAi andDi by µa,i andµd,i and their coefficients of variation



by ca,i andcd,i, respectively. If these characteristics are known, we are able to approximate the queue-
length distribution of each subsystem. Then, also the characteristics of the complete tandem queue, such
as the throughput and mean sojourn time, can be approximated.

3 Subsystems

In this section we briefly describe the analysis of a subsystem.

3.1 Approximating the arrival and departure times

The service-timeDi of a departure-server in subsystemLi is approximated as follows. We definebi,j

as the probability that just after service completion of a server in server-groupMi, exactlyj servers of
server-groupMi are blocked. This means that, with probabilitybi,j , a server in server-groupMi has
to wait for 1 residualinter-departure time andj − 1 full inter-departure times of thenext server-group
Mi+1 before the customer can leave the server. The inter-departure times of server-groupMi+1 are
approximated by the inter-departure time of the superposition ofmi+1 independent (departure-)service
processes with service timesDi+1. Figure 3 displays a phase-representation of the service time of
a departure-server of subsystemLi, whereSDi+1 andRSDi+1 indicate the inter-departure time and
residual inter-departure time of server-groupMi+1, respectively.

Figure 3: The (approximate) service timeDi of a departure-server of subsystemLi.

The random variableSDi, the inter-departure time of server-groupMi, has rateµsd,i and coefficient of
variationcsd,i. The random variableRSDi, the residual inter-departure time of server-groupMi, has
rateµrsd,i and coefficient of variationcrsd,i. The values of the rates, the coefficients of variation as well
as the blocking probabilities, will become known during the execution of the iterative algorithm.

The service timesAi of the arrival-servers are modelled similarly. Instead ofbi,j we now usesi,j defined
as the probability that just after service completion of a server in server-groupMi, exactlyj servers of
Mi are starved. This means that, with probabilitysi,j , a server in server-groupMi has to wait1 residual
inter-departure time andj − 1 full inter-departure times from the preceding server-groupMi−1.



3.2 Two moment fit

We will model the distribution of a random variable with rateµ and coefficient of variationc as a
Coxian2 distribution if c2 ≥ 0.5, and otherwise, as a mixed Erlangk−1,k distribution. For fitting a
Coxian2 distribution with parametersµ1, µ2 andp we use the set suggested by [4]:

µ1 = 2µ, p =
1

2c2
, µ2 = µ1p.

For fitting an Erlangk−1,k with parametersν andp we use the set suggested by [8]:

p =
kc2 −

√
k(1 + c2)− k2c2

1 + c2
, ν = (k − p)µ.

wherek(> 1) is chosen such that

1
k
≤ c2 ≤ 1

k − 1
.

There exist also other parameter choices for fitting these distributions, and other distributions for fit-
ting, like the hyper-exponential distribution. Using other distributions or parameters does not affect the
quality of our model.

3.3 Analyzing a subsystem

By fitting Coxian or Erlang distributions on the service timesAi andDi, subsystemLi can be described
by a finite state Markov process; we will further simplify this system by replacing the arrival- and
departure-servers ofLi by super serverswith state-dependentservice times. Then the number of states
of this Markov process reduces to the maximal number of customers in subsystemLi (which ismi+bi =
ni) plus the number of servers in server-groupMi−1 (which ismi−1). Below we describe the states, and
the flow in and out of each state.

In statemi, . . . , ni both arrival- and departure-servers are working at full power, because there is no
blocking or starvation. So the arrival process is the superposition of the service processes ofmi−1

arrival-servers (with service timesAi), and the departure process is the superposition of the service
processes ofmi departure-servers (with service timesDi). In statej = 0, . . . ,mi − 1 there aremi − j
departure-servers starved; the arrival-servers are working at full power. Hence the arrival process is
the superposition of themi−1 service processes of the arrival-servers and the departure process is the
superposition of thej service processes of the (non-starved) departure-servers. Finally, in statej =
ni +1, . . . , ni +mi−1 there arej−ni arrival-servers blocked and the departure-servers are all working.
So the arrival process is the superposition of theni + mi−1 − j service processes of the (non-blocked)
arrival servers and the departure process is the superposition ofmi service processes of the departure-
servers.

Now we replace both arrival-servers and departure-servers by a single super server. The service times of
the two super servers are the inter-arrival and inter-departure times of the arrival and departure processes
of subsystemLi, and we fit again Coxian or Erlang distributions on the service times of the super servers
(as described in Section 3.1).

The steady-state queue-length distribution of this system can be determined efficiently by using the
spectral expansion method; see [9]. This gives us the probabilitiespi,j , j = 0, . . . , ni + mi−1, where
pi,j is the probability that subsystemLi is in statej. From these queue-length distributions we can easily
derive other performance measures.



4 An iterative algorithm

We will now describe the iterative algorithm for approximating the characteristics of tandem queueL.
The algorithm is based on the decomposition ofL in M − 1 subsystemsL1, L2, . . . , LM−1. Before
going into detail in Section 4.2, we present the outline of the algorithm in Section 4.1.

4.1 Outline of the algorithm

• Step 0: Determine initial characteristics of the departure processes for all subsystemsL1, . . . , LM−1.

• Step 1: For subsystemLi = L1, . . . , LM−1:

(a) Determine the first two moments of the service timeAi of the arrival servers, given the
queue-length distribution and throughput of subsystemLi−1.

(b) Determine the queue-length distribution of subsystemLi.

(c) Determine the throughputTi of subsystemLi.

• Step 2: Determine the new characteristics of the departure processes for all subsystemsLM−1, . . . , L1.

• Repeat Step 1 and 2 until the characteristics of the departure processes have converged.

4.2 Details of the algorithm

Step 0: Initialization

The first step of the algorithm is to setbi,j = 0 for all i andj. This means that we initially assume that
there is no blocking. This also means that the random variablesDi are initially the same as the service
timesPi.

Step 1: Evaluation of subsystems

We know what the departure processes ofLi look like, but we also need to know the characteristics of
its arrival processes, before we are able to determine the queue-length distribution ofLi.

(a) The arrival process

For the first subsystemL1, the characteristics ofA1 are the same as those ofP0, because the servers of
M0 cannot be starved.

For the other subsystems we proceed as follows. By Little’s law we have for the throughputTi of
subsystemLi,

Ti =

1−
mi−1∑
j=1

pi,ni+j

 mi−1µa,i +
mi−1−1∑

j=1

pi,ni+j(mi−1 − j)µa,i.

By substituting the estimateT (k)
i−1 for Ti andp

(k−1)
i,ni+j for pi,ni+j we get as new estimate for the service

rateµa,i,

µ
(k)
a,i =

T
(k)
i−1

(1−
∑mi−1

j=1 p
(k−1)
i,ni+j)mi−1 +

∑mi−1−1
j=1 p

(k−1)
i,ni+j(mi−1 − j)

,

where the super scripts indicate in which iteration the quantities have been calculated.



The coefficient of variation ofAi cannot be determined in this way; to approximate the coefficient of
variation we use the model forAi described in section 3.1. We know the characteristics ofPi−1 and we
can also determine the characteristics ofRSAi−1 andSAi−1; see [9] for details.

(b) Analysis of subsystemLi

Based on the (new) characteristics of both arrival and departure processes we can determine the steady-
state distribution of subsystemLi. To do so we first need to fit Coxian2 or Erlangk−1,k distributions on
the first two moments of the service times of the arrival-servers and departure-servers as described in
Section 3.2. Then we calculate the equilibrium probabilitiespi,j as described in Section 3.3.

(c) Determining the throughput of Li

Once the steady-state distribution is known, we can determine the new throughputT
(k)
i according to

T
(k)
i =

1−
mi−1∑
j=0

p
(k)
i,j

 miµ
(k−1)
d,i +

mi−1∑
j=1

p
(k)
i,j jµ

(k−1)
d,i .

We also determine new estimates for the probabilitiesbi,j that j servers of server-groupMi−1 are
blocked after service completion and the probabilitiessi,j thatj servers of server-groupMi are starved
after service completion; for more details the reader is referred to [9].

We perform Step 1 for every subsystem fromL1 up toLM−1.

Step 2: The departure process

Now we have new information about the departure processes of the subsystems. So we can recalculate
the first two moments of the service times of the departure-servers, starting fromDM−2 down toD1.
Note thatDM−1 is always the same asPM−1, because the servers in server-groupMM−1 can never be
blocked.

The new rate ofDi is determined from

µ
(k)
d,i =

T
(k)
i+1

(1−
∑mi−1

j=0 p
(k)
i,j )mi +

∑mi−1
j=1 p

(k)
i,j j

The calculation of the new coefficient of variation ofDi is similar to the one ofAi; see [9].

Convergence

After Step 1 and 2 we can check whether the iterative algorithm has converged or not. We check this by
comparing the departure rates in the(k − 1)-th andk-th iteration. When the sum of the absolute values
of the differences between these rates is less thanε we stop; otherwise we repeat Step 1 and 2. So the
stop-criterium is

M−1∑
i=1

∣∣∣µ(k)
i − µ

(k−1)
i

∣∣∣ < ε.

Of course, we may use other stop-criteria as well; for example, we may consider the throughput instead
of the departure rates. The bottom line is that we go on until ’nothing’ changes anymore.



5 Numerical Results

In this section we will present some results. To verify the accuracy of our method we compare it with
discrete event simulation. After that, we compare our method with the method developed by Tahilramani
et al. [7], which is implemented in QNAT [11].

5.1 Comparison with simulation

In order to verify the quality of our method we compared the throughput and the mean sojourn time with
the ones produced by discrete event simulation. Each simulation run is sufficiently long such that the
widths of the 95% confidence intervals of the throughput and the mean sojourn time are smaller than
1%.

We tested two different lengthsM of tandem queues, namely with4 and8 server-groups. For each
tandem queue we varied the number of serversmi at the server-groups; we used tandems with1 server
per server-group,5 servers per server-group and with the sequence(4, 1, 2, 8). We also varied the level
of balance in the tandem queue; every server-group has a maximum total rate of1 and the group right
after the middle can have a total rate of1, 1.1, 1.2, 1.5 and2. The coefficient of variation of each
machine varies between0.1, 0.2, 0.5, 1, 1.5 and2. Finally we varied the buffer sizes between0, 2, 5
and10. This leads to a total of 720 test-cases. The results for each category are summarized in Table 1
up to 5. Each table gives the average error in the throughput and the mean sojourn time compared with
the simulation results. Each table also gives for 4 error-ranges the percentage of the cases which fall in
that range. The results for a selection of 54 cases can be found in Table 6.

Buffer Error in throughput Error in mean sojourn time
sizes (bi) Avg. 0-5 % 5-10 % 10-15 % > 15 % Avg. 0-5 % 5-10 % 10-15 % > 15 %

0 5.7 % 55.0 % 35.0 % 4.4 % 5.6 % 6.8 % 42.8 % 35.0 % 14.4 % 7.8 %
2 3.2 % 76.1 % 22.8 % 1.1 % 0.0 % 4.7 % 57.2 % 35.0 % 7.2 % 0.6 %
5 2.1 % 90.6 % 9.4 % 0.0 % 0.0 % 4.5 % 60.6 % 32.2 % 7.2 % 0.0 %
10 1.4 % 95.6 % 4.4 % 0.0 % 0.0 % 5.1 % 53.3 % 34.4 % 12.2 % 0.0 %

Table 1: Overall results for tandem queues with different buffer sizes.

Rates unbalanced Error in throughput Error in mean sojourn time
server-group (miµp,i) Avg. 0-5 % 5-10 % 10-15 % > 15 % Avg. 0-5 % 5-10 % 10-15 % > 15 %

1.0 3.3 % 76.4 % 20.8 % 1.4 % 1.4 % 3.4 % 74.3 % 22.2 % 2.1 % 1.4 %
1.1 3.1 % 78.5 % 18.1 % 2.1 % 1.4 % 4.0 % 68.1 % 27.1 % 3.5 % 1.4 %
1.2 3.0 % 79.2 % 18.8 % 0.7 % 1.4 % 4.6 % 59.7 % 34.7 % 4.2 % 1.4 %
1.5 3.0 % 81.3 % 16.0 % 1.4 % 1.4 % 6.5 % 38.2 % 43.1 % 16.7 % 2.1 %
2.0 3.1 % 81.3 % 16.0 % 1.4 % 1.4 % 7.9 % 27.1 % 43.8 % 25.0 % 4.2 %

Table 2: Overall results for tandem queues with different balancing rates.

Coefficients of Error in throughput Error in mean sojourn time
variation (c2p,i) Avg. 0-5 % 5-10 % 10-15 % > 15 % Avg. 0-5 % 5-10 % 10-15 % > 15 %

0.1 4.4 % 54.2 % 44.2 % 1.7 % 0.0 % 3.1 % 77.5 % 21.7 % 0.8 % 0.0 %
0.2 2.6 % 88.3 % 11.7 % 0.0 % 0.0 % 3.4 % 75.8 % 22.5 % 1.7 % 0.0 %
0.5 2.2 % 90.8 % 9.2 % 0.0 % 0.0 % 4.5 % 60.8 % 32.5 % 6.7 % 0.0 %
1.0 1.5 % 93.3 % 2.5 % 4.2 % 0.0 % 4.1 % 64.2 % 30.0 % 5.0 % 0.8 %
1.5 3.0 % 82.5 % 13.3 % 0.0 % 4.2 % 7.5 % 25.8 % 54.2 % 15.0 % 5.0 %
2.0 4.8 % 66.7 % 26.7 % 2.5 % 4.2 % 9.1 % 16.7 % 44.2 % 32.5 % 6.7 %

Table 3: Overall results for tandem queues with different coefficients of variation.



Number of Error in throughput Error in mean sojourn time
servers (mi) Avg. 0-5 % 5-10 % 10-15 % > 15 % Avg. 0-5 % 5-10 % 10-15 % > 15 %

All 1 2.9 % 83.8 % 9.2 % 2.9 % 4.2 % 5.9 % 46.3 % 39.2 % 10.0 % 4.6 %
All 5 3.8 % 68.3 % 30.8 % 0.8 % 0.0 % 4.6 % 60.0 % 29.2 % 10.8 % 0.0 %

Mixed 2.6 % 85.8 % 13.8 % 0.4 % 0.0 % 5.3 % 54.2 % 34.2 % 10.0 % 1.7 %

Table 4: Overall results for tandem queues with a different number of servers per server-group.

Number of Error in throughput Error in mean sojourn time
server-groups (M ) Avg. 0-5 % 5-10 % 10-15 % > 15 % Avg. 0-5 % 5-10 % 10-15 % > 15 %

4 2.3 % 87.2 % 12.2 % 0.6 % 0.0 % 4.7 % 57.5 % 32.8 % 9.7 % 0.0 %
8 3.9 % 71.4 % 23.6 % 2.2 % 2.8 % 5.8 % 49.4 % 35.6 % 10.8 % 4.2 %

Table 5: Overall results for tandem queues with 4 and 8 server-groups.

mi miµp,i c2p,i Buffers T App. T Sim. Diff. S App. S Sim. Diff.
(1,1,1,1) (1,1,1,1) 0.1 0 0.735 0.771 -4.7 % 4.70 4.63 1.5 %
(1,1,1,1) (1,1,1,1) 0.1 10 0.981 0.985 -0.4 % 19.22 19.03 1.0 %
(1,1,1,1) (1,1,1,1) 1.0 2 0.703 0.700 0.4 % 9.09 9.25 -1.7 %
(1,1,1,1) (1,1,1,1) 1.5 0 0.504 0.473 6.6 % 5.82 6.27 -7.2 %
(1,1,1,1) (1,1,1,1) 1.5 10 0.834 0.835 -0.1 % 22.38 22.31 0.3 %
(1,1,1,1) (1,1,1.5,1) 0.1 2 0.960 0.958 0.2 % 6.18 6.41 -3.6 %
(1,1,1,1) (1,1,1.5,1) 1.0 0 0.594 0.561 5.9 % 4.84 5.28 -8.3 %
(1,1,1,1) (1,1,1.5,1) 1.0 10 0.918 0.912 0.7 % 16.20 17.41 -7.0 %
(1,1,1,1) (1,1,1.5,1) 1.5 2 0.714 0.691 3.3 % 8.03 8.60 -6.6 %
(5,5,5,5) (1,1,1,1) 0.1 0 0.789 0.856 -7.8 % 22.48 21.78 3.2 %
(5,5,5,5) (1,1,1,1) 0.1 10 0.927 0.983 -5.7 % 36.88 35.24 4.7 %
(5,5,5,5) (1,1,1,1) 1.0 2 0.797 0.808 -1.4 % 26.37 26.17 0.8 %
(5,5,5,5) (1,1,1,1) 1.5 0 0.742 0.724 2.5 % 22.99 23.90 -3.8 %
(5,5,5,5) (1,1,1,1) 1.5 10 0.867 0.874 -0.8 % 37.97 38.86 -2.3 %
(5,5,5,5) (1,1,1.5,1) 0.1 2 0.902 0.958 -5.8 % 21.63 21.50 0.6 %
(5,5,5,5) (1,1,1.5,1) 1.0 0 0.801 0.794 0.9 % 20.79 21.13 -1.6 %
(5,5,5,5) (1,1,1.5,1) 1.0 10 0.927 0.929 -0.2 % 30.37 32.61 -6.9 %
(5,5,5,5) (1,1,1.5,1) 1.5 2 0.850 0.828 2.7 % 21.95 23.70 -7.4 %
(4,1,2,8) (1,1,1,1) 0.1 0 0.746 0.793 -5.9 % 16.19 16.28 -0.6 %
(4,1,2,8) (1,1,1,1) 0.1 10 0.956 0.984 -2.8 % 31.61 30.05 5.2 %
(4,1,2,8) (1,1,1,1) 1.0 2 0.756 0.757 -0.1 % 20.15 20.14 0.0 %
(4,1,2,8) (1,1,1,1) 1.5 0 0.633 0.619 2.3 % 16.78 18.01 -6.8 %
(4,1,2,8) (1,1,1,1) 1.5 10 0.850 0.856 -0.7 % 31.43 32.37 -2.9 %
(4,1,2,8) (1,1,1.5,1) 0.1 2 0.920 0.953 -3.5 % 16.72 17.14 -2.5 %
(4,1,2,8) (1,1,1.5,1) 1.0 0 0.714 0.702 1.7 % 16.22 16.43 -1.3 %
(4,1,2,8) (1,1,1.5,1) 1.0 10 0.926 0.919 0.8 % 25.99 27.60 -5.8 %
(4,1,2,8) (1,1,1.5,1) 1.5 2 0.787 0.773 1.8 % 17.52 18.93 -7.4 %

(1,1,1,1,1,1,1,1) (1,1,1,1,1,1,1,1) 0.1 2 0.906 0.926 -2.2 % 16.14 15.99 0.9 %
(1,1,1,1,1,1,1,1) (1,1,1,1,1,1,1,1) 1.0 0 0.488 0.443 10.2 % 11.73 13.43 -12.7 %
(1,1,1,1,1,1,1,1) (1,1,1,1,1,1,1,1) 1.0 10 0.855 0.855 0.0 % 49.52 49.81 -0.6 %
(1,1,1,1,1,1,1,1) (1,1,1,1,1,1,1,1) 1.5 2 0.607 0.581 4.5 % 21.94 23.52 -6.7 %
(1,1,1,1,1,1,1,1) (1,1,1,1,1.5,1,1,1) 0.1 0 0.718 0.751 -4.4 % 8.90 9.27 -4.0 %
(1,1,1,1,1,1,1,1) (1,1,1,1,1.5,1,1,1) 0.1 10 0.980 0.983 -0.3 % 38.45 43.22 -11.0 %
(1,1,1,1,1,1,1,1) (1,1,1,1,1.5,1,1,1) 1.0 2 0.690 0.670 3.0 % 18.81 20.31 -7.4 %
(1,1,1,1,1,1,1,1) (1,1,1,1,1.5,1,1,1) 1.5 0 0.482 0.409 17.8 % 11.26 13.79 -18.3 %
(1,1,1,1,1,1,1,1) (1,1,1,1,1.5,1,1,1) 1.5 10 0.830 0.819 1.3 % 46.75 50.16 -6.8 %
(5,5,5,5,5,5,5,5) (1,1,1,1,1,1,1,1) 0.1 2 0.827 0.926 -10.7 % 52.35 49.71 5.3 %
(5,5,5,5,5,5,5,5) (1,1,1,1,1,1,1,1) 1.0 0 0.693 0.697 -0.6 % 49.20 49.14 0.1 %
(5,5,5,5,5,5,5,5) (1,1,1,1,1,1,1,1) 1.0 10 0.867 0.882 -1.7 % 83.09 83.96 -1.0 %
(5,5,5,5,5,5,5,5) (1,1,1,1,1,1,1,1) 1.5 2 0.759 0.737 3.0 % 54.63 57.27 -4.6 %
(5,5,5,5,5,5,5,5) (1,1,1,1,1.5,1,1,1) 0.1 0 0.781 0.851 -8.2 % 43.03 42.65 0.9 %
(5,5,5,5,5,5,5,5) (1,1,1,1,1.5,1,1,1) 0.1 10 0.922 0.983 -6.2 % 71.89 73.95 -2.8 %
(5,5,5,5,5,5,5,5) (1,1,1,1,1.5,1,1,1) 1.0 2 0.789 0.787 0.3 % 51.52 53.49 -3.7 %
(5,5,5,5,5,5,5,5) (1,1,1,1,1.5,1,1,1) 1.5 0 0.730 0.692 5.5 % 44.43 47.95 -7.3 %
(5,5,5,5,5,5,5,5) (1,1,1,1,1.5,1,1,1) 1.5 10 0.864 0.862 0.2 % 74.69 81.01 -7.8 %
(4,1,2,8,4,1,2,8) (1,1,1,1,1,1,1,1) 0.1 2 0.845 0.921 -8.3 % 39.90 38.96 2.4 %
(4,1,2,8,4,1,2,8) (1,1,1,1,1,1,1,1) 1.0 0 0.619 0.604 2.5 % 37.90 38.55 -1.7 %
(4,1,2,8,4,1,2,8) (1,1,1,1,1,1,1,1) 1.0 10 0.863 0.871 -0.9 % 71.67 71.74 -0.1 %
(4,1,2,8,4,1,2,8) (1,1,1,1,1,1,1,1) 1.5 2 0.705 0.678 4.0 % 43.38 46.32 -6.3 %
(4,1,2,8,4,1,2,8) (1,1,1,1,1.5,1,1,1) 0.1 0 0.744 0.790 -5.8 % 30.96 32.41 -4.5 %
(4,1,2,8,4,1,2,8) (1,1,1,1,1.5,1,1,1) 0.1 10 0.945 0.983 -3.9 % 61.00 62.54 -2.5 %
(4,1,2,8,4,1,2,8) (1,1,1,1,1.5,1,1,1) 1.0 2 0.750 0.742 1.1 % 39.64 42.20 -6.1 %
(4,1,2,8,4,1,2,8) (1,1,1,1,1.5,1,1,1) 1.5 0 0.628 0.588 6.8 % 32.68 37.66 -13.2 %
(4,1,2,8,4,1,2,8) (1,1,1,1,1.5,1,1,1) 1.5 10 0.844 0.843 0.1 % 61.82 69.32 -10.8 %

Table 6: Detailed results for tandem queues with 4 and 8 machine-groups.

We may conclude the following from the above results. First we see in Table 1 that the performance of
the approximation becomes better when the buffer sizes increase. This may be due to less dependencies
between the servers-groups when the buffers are large.

We also notice that the performance is better for balanced lines (Table 2); for unbalanced lines, especially
the estimate for the mean sojourn time is worse. If we look at the coefficients of variation (Table 3), we
get the best approximations for the throughput when the coefficients of variation are1, and the estimate
for the mean sojourn time is better for small coefficients of variation.



The quality of the results seems to be rather insensitive to the number of servers per server-group (Table
4), in spite of the super-server approximation used for multi-server models. Finally we may conclude
from Table 5 that the results are better for shorter tandem queues.

Overall we can say that the approximation produces accurate results in most cases. In the majority of
the cases the error of the throughput is within 5% of the simulation and the error of the mean sojourn
time is within 10% of the simulation (see also Table 6). The worst performance is obtained for lines
with buffers of size zero, with servers with high coefficients of variation and very unbalanced lines, but
these cases are unlikely (and undesired) to occur in practice.

The calculation times are very short. On a modern computer the times are much less than a second in
most cases, only in cases with low coefficients of variation and 1 server per server-group the calculation
times increase to a few seconds. Therefore, for the design of production lines this is a very useful
approximation method.

5.2 Comparison with QNAT

We also compared our method with QNAT, a method developed by Tahilramani et al. [7]. We used a
tandem queue with four server-groups. It was only possible to test cases with 1 server in the first server-
group and exponential service times of that server, because the methods use slightly different models.
We varied the number of servers per server-group and the size of buffers. Table 7 shows the results.

TP TP Our TP QNAT Soj. Soj. Our Soj. QNAT
mi bi Sim. App. error QNAT Error Sim. App. error QNAT error

(1,1,1,1) 0 0.515 0.537 -4.3 % 0.500 2.9 % 5.95 5.61 5.7 % - -
(1,1,1,1) 2 0.702 0.703 -0.1 % 0.750 -6.8 % 9.25 9.10 1.7 % 8.17 11.7 %
(1,1,1,1) 10 0.879 0.876 0.3 % 0.917 -4.3 % 21.43 21.41 0.1 % 18.55 13.5 %
(1,5,5,5) 0 0.711 0.717 -0.8 % 0.167 76.5 % 17.87 17.67 1.1 % - -
(1,5,5,5) 2 0.791 0.788 0.3 % 0.800 -1.1 % 20.53 20.45 0.4 % - -
(1,5,5,5) 10 0.898 0.884 1.6 % 0.895 0.3 % 32.27 32.59 -1.0 % 22.88 29.1 %
(1,4,2,8) 0 0.677 0.692 -2.3 % 0.200 70.5 % 16.59 16.28 1.9 % - -
(1,4,2,8) 2 0.775 0.774 0.1 % 0.800 -3.2 % 19.29 19.15 0.7 % - -
(1,4,2,8) 10 0.893 0.886 0.8 % 0.902 -1.0 % 31.03 30.86 0.6 % 23.04 25.7 %

Table 7: Comparison of our method with QNAT.

We see that our method is much more stable than QNAT and gives in almost all cases better results.
Especially the approximation of the mean sojourn time is much better; in a number of cases QNAT is
not able to produce an approximation of the mean sojourn time.

6 Concluding remarks

In this paper we described a method for the approximate analysis of a multi-server tandem queue with
finite buffers and general service times. We decomposed the tandem queue and used an iterative al-
gorithm to approximate its characteristics. Each multi-server subsystem is approximated by a single
(super) server queue with with state-dependent inter-arrival and service times, the steady-state queue
length distribution of which is determined by a spectral expansion method.

This method is robust and efficient; it provides a good and fast alternative to simulation methods. In
most cases the errors are within 5% of the simulation results. The method can be extended in several
directions: one may think of, e.g., more general configurations (splitting, merging, feedback), unreliable
machines and assembly/disassembly (see [10]).
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